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Abstract

The generalized maximum satisfiability procblem contains a large class
of interesting combinatorial optimization problems. Since most of them

are NP-complete we analyze fast approximation algorithms.

Every generalized y-satisfiability problem has a polynomial e -approxi-
mate algorithm for a naturally defined constant aw, Usgm<1 which is

determined here explicitly for several . It is shown that ew can be
approximated by the Soviet Ellipsoid Algorithm. The fracticn e is

known to be best-possible in the sense that the following set is NP-

complete: The Y-formulas S which have an assignment satisfying the

fraction T'>l—€w {t' rational) of all clauses in S.

Among other results we also show that for many W, local search algorithms

fail to be swﬁapproximate algorithms. In some cases, local search

algorithms can be arbitrarily far from optimal.

1.

Introduction

The performance of fast approximation algorithms for the maximum W=

satisfiability problem is inwvestigated. This problem class contains

e.g. the following NP-complete problems which are discussed in [Garey/
Johnson (1979)1: MAX CUT, EXACT COVER, SET SPLITTING, NOT-ALL-EQUAL SAT,
ONE-IN-THREE SAT. An instance of a maximum j-satisfiability problem

consists of a sequence of constraints and the problem is to find an
e i e SN
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assignment which satisfies as many as possible. These constraint sat-

isfaction problems appear in many practical. applications like time table
scheduling, minimizing PLA'S, decoding messages,
experiments, etc.

designing statistical

Maximization problems of the type described above are naturally formu-
lated as maximum w-satisfiability problems [Schaefer (1878), Lieberherr
(1982)]. ¢ is a finite set of logical relations Rl""’Rm which are

used to express the constraints. A Y-formula 5 with n variables is a
finite sequence of clauses each of the form Ri(x
rank of Ri and x

is the
1¢*--+¥ry are a subset of the n variables of S. The
maximum Y-satisfiability problem consists of finding, for any {y-formula

S, an assignment to the variables of § satisfying the maximum number of
clauses.

gl g
: i eXry) i

It is well-known that for most ¥ it is NP-equivalent to find the optimal

assignment for a given y-formula [Schaefer (1978)]. Therefore it de

justified to analyze polynomial heuristics and to determine how close
to the optimal solution they come [Garey/Johnson 297977

As shown in [Lieberherr (1982)] each maximum b-satisfiability problem
has an assoclated constant Tw, which has the following meaning: The
fraction zw of the clauses can be satisfied in pelynomial time in any

W-formula S. However if it can be decided in polynomial time whether

at least the fraction T'>T (T' rational, T'<l) of the clauses can be

satisfied, then the maximum ¢—satisfiability problem can be solved in
polynomial time. Therefore, if the maximum $-satifisfiahility problem
is NP-equivalent, thenthe set of y-formulas which have an assignment

satisfying the fraction T')Tw (T rational, 1'<1) of the clauses is NP-
complete.

In this case Tw is called a P-optimal threshold.

It is now possible to answer the following question: Is there a poly-

nomial sw—appruximate algorithm for the maximum Y-satisfiability

problem? I.e. is there a polynemial algorithm which for any instance
is guaranteed to find an assignment within e, of the optimal assignment
for some constant e¢<1? (For a general definition of an E-approximate
algorithm see e.q. [Papadimitriou/Steiglits (1981)]. It is well-known

that there are maximization problems which do not have a polynomial

E-approximate algorithm for any €<1 (see e.g. [Sahni/Gonzales (1976)1),

however the maximum wusatisfiability problem has
approximate algorithm (MAXMEAN®* in [Lieberherr (1
directly from the definition of ¢ .
dees not contain the empty relation.

a polynomial (1-t )=
982)1). This follows
It is easy to prove that rw>0 if g

T 43 4n general an open problem whether the

re are polynomial E'-approxi-—
mate algorithms for g'<1l-1

or whether there is even a polynomial
approximation scheme for the maximum wnsatisfiability problem ([Huang/

see [Papadimitricu/steiglitz
nition of a pPolynomial approximation scheme) .

Lieberherr (1981) 1], (1981)] for the defi-

The algorithms which we analyze in this

paper have the nice Property of
being "P-optimal,

The basic theme of a theory of P-optimal approxi-

An algorithm that guarantees to sa
to be P-optimal.
possible”

tisfy the threshold is said

—optimal algorithms do the "best
of what can be done efficiently.

approximation is applicable to any NP-comple

Intuitively, thege p

The concept of P-optimal
te problem.

2. Generalized Satisfiability

In this section we define first the

generalized satisfiability problem,
following [Schaefer (1978) 1.

However the same concept has been used in

artificial intelligence and related areas (see [Freuder (1978)]1) under

"constraint expressions” and
the last part of the section we summari

the names "networks of constraints”, In

Ze several useful facts about
maximum w—satisfiability that are specia

1 cases of results published
in [Lieberherr (1982)].

Let y= le,...,Rm} be any finite set of logical relations.

relation is defined to be any subset of {0,1}"
The integer r is called the rank of the relatio

n. Define a wkformula
to be any sequence of clauses, each of the form Ri(cl
[

1t%gr-«+ are distinet, Bon-negated variables,
rank of Ry iell, ... m).

A logical
for some integer rz1,

tEyrees), where
whose number matches the
The -satisfiability problem is the problem of
y-formula is satisfiable,
[ Schaefer (1978)] characterizes the complexity of th

deciding whether a given The main result in

e Y-satisfiability




problem for every finite set U of logical relations. An interesting
feature of this characterization is, that for any such §, the yY-satis-—

fiability problem is either polynomial-time decidable or NP-complete.

The maximum w-satisfiabilitf problem consists of finding, for any
formula S, an assignment to the variables of 8 s;tisfying the maximum
number of clauses. The difficulty of approximating the maximum -
satisfiability problem is the subject of this paper,

It turns out, that the following guestion deserves further attention:
o of the clauses can be

In other words, we are trying to solve

Given a set y of relations, which fraction 1
satisfied for every y-formula S5?

the minimax problem:

o inf max
T¢ ~ all y-formulas all assignments SATISFIEDISAT)
CLAUSES (5)
8 J for S

(SATISFIED(S,J)
assignment J.

is the number of satisfied clauses in formula § under
CLAUSES (S) is the number of clauses in formula S.) The
following theorem which is proven in [Lieberherr (1982)] (in generalized

form) shows that the‘congtant T

W is best possible in an algorithmic sense,

Theorem 2.1

Let p be a finite Set of relations such that the J-satisfiability problem

is NP-complete.

1.1 There is a polynomial algorithm MAXMEAN* that satisfies the fraction

TW of the clauses.

1.2 For any rational 1'>t  the set of y-formulas that have an assignment

satisfying at least the fraction t' of the clauses is NP-complete.

The above theorem claims that algorithm MAXMEAN* (given below) is

relative P-optimal,

Algorithm MAXMEAN*
Input:

p-formula S.

Output: Assignment which satisfies at least Ty clauses.

|
|
|

|
|

|

|

maxassignment := 0;
lcop
compute k such that
max meank,(sj=meank(s)
O<k'sn
{meank(s) is the average number of satisfied clauses among all
assignments having exactly k cnes. meank(s) is a polynomial in k
which can be efficiently computed }
for all variables x in § do
i meank_ltsx_lhmeank(sx
then J[x]
else J[x]

= 1; k
= 0; 8§ := 8
{mean_l(S):meano(5),meann+l(s)=meann(s)}
h := SATISFIED(S,J);
if h>maxassigmment then
maxassignment := h else exit;
rename all wvariables in S which are assigned 1 by J;
end

3. Absolute P-optimality of MAXMEAN*

This section improves the results in [Lieberherr (1982)]. Here we show

that it is hard to decide whether one can improve on MAXMEAN*., 1In
[Lieberherr (1982)] it was only shown that it is hard to find an assign-
ment which is better than the assignment found by MAXMEAN*. The new
insight we gained is that in this context decision and search problems

have ahout the same complexity. Namely we show that the following two

problems are polynomially related to each other.

1. Is there an assignment for a given y-formula which satisfies more

than
maxmean(S) = max meankts)

Osks=n
clauses?

2. Find an assignment for a given y-formula which satisfies more than

maxmean(8) clauses (if such an assignment exists).
This relationship holds since the
related,

following two problems are polynomially
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1. Is there an assignment for a given Y-formula which is better than

the assignment JALL 0 (which assigns 0 to all variahbles).
2, Find an assignment which is better than the assignment JunL 0
(if such an assignment exists).
This gquestion is related to the absolute P-optimality of algorithm
MRXMEAN*. We first need a few definitions.

Let {8} be the set of instances of an NP-equivalent maximum y-satis—

fiability problem. {8} =+ R
(rational numbers) is said to be absolute P-optimal, if the following

A polynomial time computable function g:

two conditions hold

a) there is a polynomial algorithm M which finds for every formula x
in {8} an assignment J so that SATISFIED(x,J)zg(x) and

b) the set of instances x in {S} which have an assignment such that
SATISFIED (x,J)>g({x) is NP-complete (by a Turing reduction).

The function g has the following intuitive meaning: There is a polynomial
algorithm that finds an assignment which is at least as "good" as g(x),

_ but to do "better" is NP-complete. Algorithm M is said to be absclute

P-cptimal with respect to function g.

The renaming of a 'variable with respect to value y is a substitution
of e(x,y)={y-x)mod 2 for variable x. The default is "with respect to
value 1". Therefore the renaming of variable x is 1-x.
Let J be an assignment for formula S. The renaming R of formula S with
respect to J is a substitution of e(x,J(x)) for all variables x in S.

The resulting formula R(S) is called the renamed formula § (with respect

to J).

Let Q(xl,...,xn) be a relation and let J be an asslgnment for xl,...,xn-
The renamed relation Q with respect to J is the relation L(Q,J) defined
by

L(Q D) (el 0% ) yeeeyelx pTix )00 0K penarx) o
By definition .

Q(J(xl)....,J(xnl)=L(Q,J)(0,..-,0) .
A set of relations Y is said to be closed under renaming if all relations

that can be generated from relations in ¥ by renaming, are in {.
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Theorem 3,1
Let ¥ be a finite set of relations which is closed under renaming.
Assume that the maximum y-satisfiability problem is NP-equivalent.
Then the set of y-formulas which have an assignment satisfying more
clauses than the assignment J

i 0 (which assigns 0 to all variables)

is NP-complete (by a Turing reduction)

Lemma 3.2
Let § be a finite set of relations.

Let 2(S) be a polynomial decision algorithm for deciding whether there
is a better assignment than the assignment JALL 0
5. Then there is a polynomial algorithm for finding an assignment
satisfying more clauses than JALL

for a given y-formla

0"

This Lemma shows that in this context decision and search problems have
a polynemially related complexity.

The proof of the following corollary shows the connection between the

problem of improving the assignment JALL 0 and the absolute P-optimality
of MAXMEANY*,

Corollary 3.3

Tf the maximum §-satisfiability problem is NP-equivalent and { is closed
under renaming, then algorithm MAXMEAN* is absolute P-optimal with
respect to the function maxmean(s).

4. Closed Form Analysis of MAXMEAN*

In this section we determine the P-optimal thresholds TW for various v

by explicit formulas. It is conjectured that 1, is in general an

]
algebraic number but no efficient method is known to determine {ef-
ficiently) an irreducible polynomial which defines T¢ ( [Demyanov/

Malozemov (1974) ], [Charalambous/Conn (1978)]).

If ¥ contains only one relation then the computation of T, involves
only a maximization of a real polynomial over [0,1] and is therefore
Straight-forward., We refer the reader to [Lieberherr/Specker (1982)]

for examples, how to compute T by explicit formulas if ¥ contains

P
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several relations. In the next section we will show that TW can be
approximated efficiently by the Soviet Ellipsoid Algorithm for linear

programming.

4.1 Hypergraph coloring

In this and the next subsection we allow the variables to assume c
values 0,1,...,¢-1 where c22. So far we have only considered logical
variables (e=2) in this paper,

Let Rm(xl,xz,...,xm) be the relation that holds, iff
{D,l,...,c-l}E{xl,xz,...,xm}. Let wm={Rm],m23. Ay -formula § has the
following interpretation as a hypergraph coloring problem. Each
variable of 5§ corresponds to a node of the hypergraph. Each clause of
S corresponds to a hyperedge and the clause expresses that each possible
color is assigned to at least one node on the hyperedge. For c=2 this

is the regular graph coloring problem (see section 4.2).

Theorem 4.2
cl
Twm = EE Bz(m,c)
is a P-optimal threshold, if ¢23 and mz3.

Tw is determined in [BErdds/Kleitman (1968)] (Sz(m,c) are the Stirling
]
numbers of the EBecond kind).

4.2 Graph coloring

Let R(x,y) be the relation that holds, if x#y. Let y={R} and allow ¢
valves 0,1,,..,c-1 to be assigned to the variables. This maximum -
satisfiability problem is a generalization of the graph coloring problem.
The c values are intended to be colors. Each clause in a Y-formula
corresponds to an edge and requires that the endpoints have different
colors.

Theorem 4.3

is a P-optimal threshold, if c23.
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([Vitanyi (1981)] and [8ahni/Gonzales (1976)] also determine T, and

give an efficient algorithm to satisfy at least the fraction r¢.

4.3 Exact Cover

We analyze a similar special case of the exact cover problem, Let

Rm(xl,xz,...,xm} be the relation that holds iff exactly one of the m
variables is 1. [Let wm={R i
d m

Theorem 4.4 N

m-1
_ [m=1
vy = (%)

is a P-optimal threshold, if m=3,

5. Efficient Approximation of Performance Bound

The results of this section show that the computation of the performance
hound of MAXMEAN* can be done efficiently. This completes our result
in [Lieberherr (1982)] that MAXMEAN* can be generated efficiently.

In the last section we expressed the performance bound of MAXMEAN* hy
giving explicit formulas for the solution of the minimax problems. In
general this is not possible since Galois theory proves that the roots
of high degree polynomials cannot be expressed by radicals.

However linear programming allows us to compute the performance bound
nhumerically in an efficient way. The Soviet Ellipsoid Algorithm (see
e.g. [Papadimitriou/Steiglitz (1981)] will provably solve the problem in
polynomial time. The clue to this result is to consider the minimax
problem from a different point of view which yields a linear program-
ming interpretation.

Theorem 5.2

Let ¥ be a finite set of relations Rl,...,Rm. Then the fraction of

clauses which can be satisfied in every p-formula with n variables (and
which will be satisfied by MAXMEAN*) is the solution of a linear program
With min+2 constraints and m+l variables.
Program has 0(log(n)) bits,

Each number occuring in the




5. Limitations of Local Search

Local search is known to be an excellent heuristic for solving hard
combinatorial optimization problems (see e.g. [Papadimitriou/Steiglitz
{1982)]1. oOur empirical observation of the good performance of local
search algorithms on the maximum y-satisfiability problem motivated us

to compare their performance with the known performance of MAXMEAN*.

Our results are negative in the sense that many local search algorithms
do not guarantee to satisfy the fraction TI.D of the clauses in a given
y-formula i.e. are not P-optimal. In some cases we even show that local

search is arbitrary far from being optimal.

We only give a short summary of our results (for a complete description
see [Lieberherr/vavasis (1982)]). For relations of rank 2 or 3 which
are closed under renaming we show that simple local search algorithms
are P-optimal. For relations of rank 4 or higher we show that a large
class of local search algorithms are not P-optimal. In our reasoning

_we use ideas from Bernstein's proof of Weierstrass' theorem.

Conclusion

MAXMEAN* is shown to be optimal in several respects: It is relative and
absolute P-optimal. It is alsc bestpossible for the y-formulas with a
fixed number n of variables in the sense that MAXMEAN* satisfies at least
as many clauses as one can satisfy in every p-formula with n variables.
This last property makes MAXMEAN* superior to previously proposed algor-
ithms with the performance bound 1 . Our relative optimality results
depend in a crucial way on the fact that we consider all yp-formulas, If
we restrict our attention to proper subsets of the set of all ¢-formulas,
then the above guestions may become very hard. The reason is that e.g.
the well-known, and now solved, 4-color conjecture can be put into this
framework (express the 4-coloring problem as in section 4 and minimize

only among formulas which correspond to planar graphs).
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